1. Introduction. This paper is concerned with relationship between three notions: the differentiability of a convex function/ the rotundity of the convex function g conjugate to / and the continuity of the subdifferential mapping 8fi (which reduces to the gradient mapping V/where/is differentiable). These notions are considered in the context of various admissible topologies on paired vector spaces.
E. ASPLUND AND R. T. ROCKAFELLAR [May In this event y is called an A-gradient of fiat x, and y satisfies in particular (2.2) f'(x;u) = (u,yy, Vue A, where fi'(x; u) is the one-sided directional derivative off at x with respect to u. If si is a collection of nonempty subsets of A1, we shall say that/is -si-differentiable at x when there exists a y such that y is an ,4-gradient of / at x for every A esé.
If .s/ consists of all singleton subsets of X (subsets consisting of a single point), ■^-differentiability is called Gâteaux differentiability. If Aris a normed linear space, Y= X* (the dual of X, in the canonical pairing, of course) and si consists of just the unit ball of X, ^-differentiability is Fréchet differentiability.
In what follows, si will always denote a collection of nonempty subsets of X such that (a) each A esi'is w(X, y)-bounded, (b) (J {A | A e si} generates X algebraically, (c) A e si implies -A e si. Assumptions (a) and (b) guarantee that a locally convex Hausdorff topology is induced on Y by uniform convergence of the linear functionals < •, y> on subsets in si; this topology on Twill be denoted by if. Assumption (b) implies by (2.2) that, for a given x e X, there is at most one y e Y such that y is an ,4-gradient off at x for every A esi. The unique y, if it exists, is called the si-gradient off at x. Assumption (c) implies that, for an ¿/-gradient y, the limits in (2.1) can be taken in the two-sided sense as A -> 0, rather than merely as A \ 0.
We shall mostly be interested in the case where/is a convex function on X, i.e.
where the epigraph epi/ = {(x, p) | x £ X, p £ R, p à fix)} is a convex set in X © R. lff(x) > -oo for every x andf(x) < +oo for at least one x, we say that/is a proper convex function. We denote by dom/the effective domain off, which is the convex set {xe X\f(x) < +oo}.
A vector y e Y is said to be a subgradient off at x if (2.3) f(x + u)^f(x) + (u,yy, VueX.
The set of subgradients of/ at x is denoted by dfi(x), and the multivalued mapping 8f: x^f(x) from A" to Y is called the subdifferential off. The definition implies that 8f(x) is a (possibly empty) w( Y, A')-closed convex subset of Y for each x. Assuming/is a convex function finite at x, one has y e df(x) if and only if (2.4) <u,y> Sf'(x;u), VueX.
For the general theory of convex functions and subgradients, we refer the reader to [4] , [111, [131, [171. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
We shall denote by rad/the set of points at which the convex set dorn/is radial, i.e. the set of all x e dorn /such that every half-line emanating from x contains points of dorn/besides x. Proposition 1. Let fi be a convex function on X, and let x be a point where f is sí-differentiable. Then fi is proper and x e rad/ Moreover, df(x) consists of a single vector y, the si-gradient of fiat x. This y is in particular the Gâteaux gradient off at x.
Proof. Let U={J {A \ A e sí}; by our assumption (b) above, every vector in X can be expressed as a linear combination of vectors in U. The ^/-gradient y satisfies (2. 5) iu,y}=f(x;u)= -f'(x;-u) for every ueU. Since/is convex, it follows, as is well known (e.g. see [17, Theorem 25 .2]), that (2.5) holds for every u which is a linear combination of vectors ux,.. .,uk in U. Thus (2.5) holds for every u e X, so that dom/is radial at x, and y is the Gâteaux gradient. Then y is the unique subgradient at x, since it is the only vector satisfying (2.4), and/is proper by (2.3). This finishes the proof. Whenever 8f(x) consists of exactly one element y (as in the case of Proposition 1), we shall denote this y by V/(jc). The mapping Vf: x -> Vf(x) will be called the gradient mapping associated with / (The domain of Vf is thus the set of points xe X such that dfi(x) is nonempty and contains no more than one element, whereas the range of Vf is a subset of F.)
Rotundity properties will now be defined. Let g he an extended real-valuedfunction on F, and let F be a subset of F. We shall say that g is B-rotund at a given y e Y relative to a given x e X if g(y) is finite and, for every e > 0, there exists a 8 > 0 such that (2. 6) {v | g(y + v) -g(y) -<x, v} ^ 8} c £B.
We shall say that g is ^-rotund at y relative to x if g is F-rotund for everŷ "-neighborhood F of the origin. Since 3~ is a Hausdorff topology on F, this condition implies that (2.7) g(y + v) > g(y) + {x, v), Vz; # 0, and hence in particular that x e dg(y). The concept of ^"-rotundity is useful in the study of various extremum problems. An extended-real-valued function « on F is said to attain its minimum over a subset C of F at y strongly with respect to 3~ if (« attains its infimum over C at the point y and) every sequence yu y2,... 
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The ^"-rotundity of g implies that (2.13) yïO) = 0, but 7(A) > 0 for every A > 0.
Let 7" be the lower semicontinuous convex hull of/ on [0, +oo), i.e. the pointwise supremum of the collection of all lower semicontinuous convex functions on [0, +oo) majorized by/ It follows easily from (2.12) and (2.13) that (2.14) y-(0) = 0, but 7(A) > 0 for every A > 0, and this implies by the convexity of 7" that 7" is increasing. The function
is convex and tr(F, A')-lower semicontinuous on F, and k Sg by (2.11). Therefore k^g^g. Since 0 = *(0) S g(0) = 0,
we have g(0) = g(0) = 0, implying that g is w( F, A")-lower semicontinuous at 0, and hence in particular ^"-iower semicontinuous at 0. For every 8 > 0, we also have
Given any e>0, there exists, by (2.14) and the monotonicity of j, some 8>0 such that/(A) = 8 implies A^£. Then k(v)£S implies p(v)<e, so that by (2.16)
This shows that g is F-rotund at 0 relative to 0, and since 3~ has a local base consisting of w( Y, A")-closed convex symmetric sets like B we may conclude that g is ^"-rotund at 0 relative to 0. In particular g majorizes the constant function 0, so that g is a proper convex function. On the other hand, assume that g is Slower semicontinuous at 0, and that g is ^-rotund at 0 relative to 0. We have In view of the ^"-rotundity of g at 0 relative to 0, the sets in (2.18) can be made to lie in any given ^-neighborhood of 0 by choosing 8 sufficiently small. This implies furthermore, by the^~-lower semicontinuity ofgatO, thatg(0)=g(0) = 0. Therefore g is ^"-rotund at 0.
Remark. Condition (2.9) in Proposition 2 is satisfied trivially when the set of points where g does not have the value +00 is ^-bounded. /(x) = sup{<x,y>-g(v)|y£T}.
As is known,/is a wiX, T)-lower semicontinuous convex function on X. If g is a w( Y, A')-lower semicontinuous proper convex function, then/is proper and g is in turn the conjugate off, i.e. one has (3.2) g(y) = sup{(x, y>-/(*) \xeX}.
In this case,
The following fundamental result about polars of level sets of conjugate convex functions is implicitly contained in a paper of Moreau [10] . As usual, we denote by C° the polar of a set C<= Y, i.e.
-■o _ {ueX\{u,vy S 1, VzzeC}. Here C is a w(X, F)-closed convex subset of X containing the origin, so that C00 = C. Thus (3.7) (and Proposition 3) will follow if we show that
Let « denote the support function of C on F, i.e.
h(v) = sup {<z, v)\ z eC}.
According to [14, Corollary 4B], « is related to g0 by the formula (3.9) h(v) = inf AgoiA-1»).
K>0
In particular h^g0 by (3.9), so that
This establishes the right half of (3.8). To establish the left half of (3.8) , it suffices to show that Proof. If y is the «íZ-gradient of/at x, we have y e cf(x) in particular, by Proposition 1. On the other hand, if g is ^"-rotund at y relative to x we have x e 8g(y), and hence y e cf(x). Thus in either case Proposition 4 is applicable, and it follows that/is ¿/-differentiable at x with ¿/-gradient y if and only if g is F-rotund at y relative to x for every Bead, where 3) consists of all the polars of sets in si. The latter condition is equivalent to g being ^-rotund at y relative to x, since the sets of the form In particular, fis Gâteaux differentiable at 0 with y= V/(0) if and only if g attains its infimum over Y at y strongly with respect to the w( Y, X)-topology.
Proof. Take si to be the collection of all singleton subsets of X.
Corollary
2. Let X be a normed linear space, and let Y-X* (in the canonical pairing). Let fand g be proper convex functions conjugate to each other on X and Y, respectively. Then f is Fréchet differentiable at x with y= Vfi(x) if and only if g is norm rotund (i.e. rotund with respect to the norm topology) at y relative to x.
In particular, fi is Fréchet differentiable at 0 with y= V/(0) if and only if g attains its infimum over Y at y strongly with respect to the norm topology.
Proof. Let si consist of just the unit ball in X.
3. Let f beany w(X, Y)-lower semicontinuous proper convex function on X. Iff is si-differentiable at x, then f is actually si'-differentiable at x, where si' consists of all the nonempty ^-equicontinuous subsets of X.
Proof. The topology induced on F by uniform convergence of linear functionals on subsets of si' is the same as 9". Hence the j/'-differentiability of/ at x is the same as the ^-differentiability off at x by Theorem 1.
Corollary 3 implies in particular that (if/ is any w(X, F)-lower semicontinuous proper convex function on X) fis Gâteaux differentiable at x if and only if/ is actually ^"-differentiable at x, where IF is the collection of all nonempty finitedimensional bounded subsets of X. If Y is 3~-complete, then there exists a ye Y such that k(u) = <m,y} for every ue X, so that fis actually si-differentiable at x.
Proof. Let Z be the space of all j^-bounded linear functionals on X. Under the canonical pairing between X and Z (with respect to which the sets in si are all w(X, Z)-bounded), we may regard F as a w(Z, A")-dense subspace of Z which bŷ -completeness is ^"-closed (the ^"-topology on Z being, of course, the topology of uniform convergence on the sets in si). Let g be the convex function on Z conjugate to/ Then/is the conjugate of g with respect to the pairing between X and Z, and at the same time / is the conjugate of the restriction of g to F with respect to the pairing between X and F. The infimum of g-(x, •> over Z is thus the same as the infimum of g-<[x, ■> over F, namely -f(x). Let yu y2,... be a sequence in F such that g(yk) -(.yk, x) decreases to this infimum. By Theorem 1, g is ^"-rotund relative to x at the point of Z corresponding to k, so that yk $~-converges to this point. Since F is ^"-closed in Z, this point must actually belong to F. Proof. Apply Theorem 1 and the preceding corollary in the case where si consists of just the unit ball of X.
In the case of Corollary 5 where/is the norm on X= Y*, g is the indicator of the unit ball C of F as in (2.8), and one gets a classical result of Smulyan [19] : the norm on F* is Fréchet differentiable at x if and only if the linear functional <[x, ■ > attains its supremum over C strongly with respect to the norm topology.
Theorem 1 can be extended by means of Proposition 2 to cases where g is not convex or everywhere h'( Y, A")-lower semicontinuous.
6. Let g be an extended-real-valued function on Y, and let fi be the conjugate of g on X. Let x and y be elements of X and Y, respectively, such that g is finite and 3~-lower semicontinuous at y. Suppose there exists a ^-bounded convex set C containing the origin in Y such that
(which is true in particular if g has the value +oo everywhere outside of a certain <T-bounded subset of Y). Then f is si-differentiable at x with y= V/(x) if and only if g is J -rotund at y relative to x.
Proof. Let g be the w( Y, A')-lower semicontinuous convex hull of g. Of course, /is also the conjugate off, and if either for g is propergis in turn the conjugate off. The ¿/-differentiability off at x implies the properness of/by Proposition 1, whereas the ^"-rotundity of g at y relative to x implies the properness of g by Proposition 2. The result is thus immediate from Theorem 1 and Proposition 2. The following results will be needed.
Theorem 2 (Moreau [10, 13] ). Let fi be a w(X, Y)-lower semicontinuous proper convex function on X.
(a) Suppose that fi has a finite upper bound in some Sf-neighborhood of some point of X. Then 8^f(x) is an Sf-equicontinuous subset of Y for every x e rad /and Xe R. In fact, given any x e rad fand any p.e R, there exists an ¿^-neighborhood U of the origin such that the sets 8Kf(x + u) are uniformly ¿f-equiconftnuous for ueU and A^ja, i.e. such that Suppose that/has a finite upper bound in some .^-neighborhood of some point of X, as hypothesized in (a). Then dorn/has a nonempty ¿"-interior, which must be rad/ and/is ¿"-continuous throughout this interior. Fix any y e Y such that g(y) is finite. Since g is conjugate to/ we have gO0 = <x,y>-f(x)
for every x e X; thus the linear function < •, y} on X is majorized by a function of the form/+const, implying that <-,j>> has a finite upper bound in some Sfneighborhood of some point of X and hence that <-,>>> is ¿''-continuous f'(x; u) = max {<«, y)\ye 8f(x)} for every xeradf. In this event, of course, / is Gâteaux-differentiable at x if x e rad/and 8f(x) contains just one vector y. (See Moreau [10] . ) We shall denote by F the collection of all nonempty w(Y, A")-closed bounded convex subsets of F. According to Corollary 1, dÁfi(x) is an element of F for every x e rad/and A>0.
By the ^-topology on F, we shall mean the topology in which, for each Ce Y, the sets of the form {De Y\ Dcz C+B and C <= D + B} constitute a fundamental system of neighborhoods of C as F ranges over all ¿^-neighborhoods of the origin in F. Of course, when Fis regarded as a subset of F, the relative ¿^"-topology induced on F is the same as the ¿'"-topology already present on F.
The ¿'"-topology on F can also be obtained in a dual way. For each Ce Y, let hc denote the support junction of C on X, i.e.
hc(x) = sup (x, y~).
yeC As is well known [7] , the correspondence C<-> hc is one-to-one between Fand the collection of all finite w(X, T)-lower semicontinuous positively homogeneous convex functions on X, and it preserves addition and nonnegative scalar multi- Proof. Choose any xe rad fi any S>0, and any w(Y, X)-closed convex 9~-neighborhood B of the origin in Y. Let U be an y-neighborhood of the origin in X such that, for p = 28, the set in (4.1), which we shall denote by M, is ^"-equicontinuous. Since the sets in ¿/ are all ^-bounded in X, y-equicontinuous sets are all ^"-bounded in Y. Thus we can find a real number p lg 28 such that (4.6) M-MczpB.
Choose an e > 0 such that (4.7)
2e < 8/(p + l).
Since / is ¿"-continuous at x (Theorem 2), there exists an ¿"-neighborhood W of the origin, IF<= U, such that In what follows, a and ß denote real numbers such that a < ß. For any ux and u2 in (dorn f)-x, 8afi(x+ux) consists of the elements ye Y such that, for every z e X, in (4.19) , and the inequality (4.15) holds as desired.
Remark. The compatibility assumption on ¿f in Theorem 3 was used only to ensure that all the sets in si are ¿"-bounded, and that S/(z)# 0 for every z in some ¿"-neighborhood of the point x e rad/ where continuity was in question. Therefore, the conclusion of Theorem 3 remains valid when the latter conditions are satisfied, even if ¿" is not compatible with the duality between X and F.
1. Let fi be a w(X, Y)-lower semicontinuous proper convex function on X. Suppose that X is a barrelled space in some topology such that Y= X*. In order that f be Gâteaux differentiable at x, it is necessary and sufficient that x e rad / and that the mapping dfi from rad /to Y be continuous at x from the s(X, Y)-topology to the w( Y, X)-topology.
Proof. Take ¿f = s(X, Y) and ¿r=w(Y, X). The hypothesis implies that ¿" is compatible with the duality between X and F [3, Chapter III]. Moreover, / is ¿"-continuous on rad/by Corollary 1 of Theorem 2, so Theorem 3 is applicable.
(If rad/were empty,/could not be Gâteaux differentiable anywhere in view of Proposition 1, so that the present corollary would be vacuous.) Corollary 2. Let X be a normed linear space with Y= X*, and let f be a proper convex function on X lower semicontinuous with respect to the norm topology. In order that fi be Fréchet differentiable at x, it is necessary and sufficient that x e rad / and that the mapping dfi from rad / to Y be continuous at x from the norm topology to the norm topology.
Proof. We note first that/is actually w(X, F)-lower semicontinuous, since lower semicontinuity depends only on the closedness of the convex level sets {x \f(x)f*a}, and the closed convex sets in X are the same in all topologies compatible with the duality between X and F. Apply Theorem 3 as in the proof of the preceding corollary, but with ¿r = j(F, A").
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (x) ). Then fis Gâteaux differentiable throughout U, and the gradient mapping Vf from U into Y is continuous from the norm topology to the w( Y, X)-topology. In order that fi actually be Fréchet differentiable throughout U, it is necessary and sufficient that Vf be norm-to-norm continuous from U into Y.
Proof. Since 8f(x) = 0 for jc ^ dorn / U must be contained in dorn / and hence in rad/ By Corollary 1 of Theorem 2,/is norm continuous throughout U, so that (4.5) holds, implying that Vf(x) is the Gâteaux gradient of/at x. The result now follows from Corollary 1 and Corollary 2 above.
In view of the known monotonicity properties of 8f [15] , Theorem 3 and its corollaries suggest that, for a continuous convex function, differentiability is to be expected in a large subset of the domain of continuity. Such results are classical in the finite-dimensional case, and they have also been proved for certain classes of Banach spaces. For details, see Asplund [2].
5. Gradient homeomorphisms. In this section, we shall characterize certain cases where the gradient mapping V/is a homeomorphism between subsets of X and F in the strong topologies. Proof. The existence of Vf(x) for every x implies that/is the pointwise supremum of the affine functions of the form z-*fi(x) + (z-x,Vf(x)\ xeX, so that/is w(X, F)-lower semicontinuous, and /is in turn the conjugate of g. Assume that Vf is a homeomorphism as specified. Then by (3.3) , Vg is the inverse of Vf so that Vg is a homeomorphism from F onto X with respect to the strong topologies. Since the domains of Vf and Vg are contained in dorn /and dorn g, respectively,/and g must be finite everywhere. Corollary 1 of Theorem 2 implies that/and g are everywhere continuous with respect to the strong topologies, and that all the sets of the form 8,f(x) and 8Kg(y) are weakly bounded. In particular, /is s(X, F)-continuous at 0, and for A=/(0)+g (0) for each xeX (and hence at each y e Y). Furthermore, the Fréchet gradient mapping Vg, which must be the inverse of V/in view of (3.3) , is norm-to-norm continuous by Theorem 3. Thus Vf is a homeomorphism from X onto Y with respect to the norm topologies.
An incomplete normed linear space cannot be homeomorphic to a Banach space, as has been proved by Klee [8] , so that X, being homeomorphic to its dual Y, must be complete. It remains only to show that X** = X. Let h be the conjugate of g on A"** with respect to the canonical pairing between A"** and A'* = Y. Since g is in particular norm rotund at v/(0) relative to 0 (by virtue off being Fréchet differentiable at 0), it follows by the duality between h and g that h is Fréchet differentiable at 0. Hence, by Proposition 1, dom h has a nonempty interior in A"**. Let D be the set of points in X** where h has a subgradient coming from X*. According to Br0ndsted-Rockafellar [5, Theorem 2], D is dense in dorn h in the norm topology. But D is just the range of Vg, which is X, because under the pairing between X** and X* we have y £ 8h(x) if and only if x £ 8g(y); cf. (3.3) . This shows that the nonempty interior of dom h in X** is contained in X, and consequently that X** = X, proving Theorem 4.
In Theorem 4, the finite convex functions / and g can be expressed in terms of each other by the formulas
In other words, each is the Legendre transform of the other. In Theorem 5, we shall further extend the theory of Legendre transforms of convex functions (see [16] for the finite-dimensional case) to certain extended-real-valued functions on reflexive Banach spaces. The following proposition is needed as a preliminary.
Proposition 6. Let X be a Banach space with Y= X*, and let fi be a proper convex function on X lower semicontinuous with respect to the norm topology. where U is the unit ball in A* and B is the dual unit ball in F. If x e IV n dorn/ and A>0 is chosen so small that x+XU<= W, the right side of (5.3) is a bounded subset of F by the hypothesis, implying that 8£f(x) is bounded (as well as nonempty). Then x e rad /by Corollary 1 of Theorem 2, so that rad/^0. On the other hand, suppose rad// 0. Then rad /is the interior of dorn/with respect to s(X, Y), which is the norm topology. Moreover, / is continuous on rad/with respect to the norm topology (Corollary 1 of Theorem 2), and 8fi(x) is nonempty and bounded for every x e rad/(Corollary 2 of Theorem 2). Now let x be a point of X such that x xi rad/but 8f(x)=t 0 ; we shall show that 8fi(x) is unbounded, and this will complete the proof of Proposition 6. Since x is not an interior point of the convex set dom/(and this interior rad/is nonempty), x can be separated from dorn / i.e. there exists a nonzero v e Y such that <jc, d> ^ <z, v}, Vz g dorn/ For any y e 8fi(x) and any z e dorn / we then have fi(z)^f(x) + <:z-x,y> fi(x) + (z-x,y+Xv\ VASO.
This also holds trivially when zxt dorn/ (since then fi(z)= +oo), and hence it holds for every zeX. Therefore y+Xve8fi(x), Vj g 8f(x), VA ^ 0, and since v ^ 0 it follows that 8f(x) is not bounded.
Theorem 5. Let X be a reflexive Banach space with Y= X*, and let f be a proper convex function on X which is lower semicontinuous with respect to the norm topology. Let D = {xeX\8f(x) * 0}.
In order that 8fbe a one-to-one mapping from D into Y which is a homeomorphism with respect to the norm topologies, it is necessary and sufficient that the following conditions be satisfied (in which case dfi reduces to the gradient mapping Vf and D = radf): by Proposition 6. The continuity of Vf implies by Corollary 2 of Theorem 3 that / is Fréchet differentiable throughout rad/ so that 8fireduces to Vf. Thus V/is a one-to-one mapping of rad/into T which is a norm-to-norm homeomorphism. By (3.3), 8g reduces to Vg, and Vg is the inverse of V/(consequently a homeomorphism). It follows by applying the preceding argument to g in place of / (which is permissible because X is reflexive) that (5.4) {y\8g(y) * 0} = radg * 0, and that Vg is a norm-to-norm homeomorphism of rad g onto rad/ Hence g is Fréchet differentiable at every y e rad g by Corollary 2 of Theorem 3. By Corollary 2 to Theorem 1, / is then norm rotund at Vg(y) relative to y for every y e rad g. Thus conditions (a), (b) and (c) hold, along with (d') D^ rad fi
Conversely, suppose that (a), (b), (c) and (d') hold. Then dfi reduces to Vf which is by Corollary 2 of Theorem 3 a norm-to-norm continuous mapping of D into Y. The range of V/is {y | 8g(y)^ 0} by (3.3) , and for each y in this range there exists by condition (c) some x such that /is norm rotund at x relative to y. This implies by Theorem 1 that g is Fréchet differentiable at y. The inverse of Vf is then Vg by (3.3), and Vg is norm-to-norm continuous by Corollary 2 of Theorem 3. In other words, V/is a norm-to-norm homeomorphism.
To complete the proof of Theorem 5, it suffices to show that (d') is equivalent to (d), assuming that (a) and (b) hold. Of course, (d') is equivalent under (a) to the condition that 8f(x)= 0 for every x which is a point of dorn/not in rad/ Let x be a particular point of dom/not in rad/ and let zeradf. For 0<A^1, the point (1 -A)x + Az belongs to rad/ since rad/is the interior of the convex set dorn /in the norm topology when rad// 0. The restriction of/to the line segment joining x and z is a lower semicontinuous convex function, so the directional derivative f'((l-X)x+Xz;z-x) = {z-x, Vf((l-X)x+Xz)} decreases to fix; z-x) as X decreases to 0. We must show that 8f ( Since / is norm continuous on rad / by Corollary 1 of Theorem 2, « is finitely bounded above on a (norm) neighborhood of the point z-x. Hence, by the fact cited to prove Theorem 2, « is not only finite but norm continuous at z-x. This implies that « majorizes at least one continuous affine function (see Brondsted [4] ), and since « is positively homogeneous the affine function can be taken to be linear. Thus there exists a y g F such that <w, yy ^ h(u) ^ f(x + u) -fix), Va g X.
Thus y belongs to Sfiix), so Sfiix) j= 0 and the proof is complete. The functions / and g in Theorem 5 are given in terms of each other by the Legendre transformation formulas (5.1) and (5.2) for x e rad/and y e rad g. Thus Theorem 5 yields a certain one-to-one Legendre correspondence between certain pairs (/ C), where C is an open convex set in X and / is a Fréchet differentiable convex function on C, and pairs ig, D), where D is an open convex set in F and g is a Fréchet differentiable convex function on D. This correspondence can be described directly, i.e. without mentioning conjugacy, much as in [16] ; we leave the details to the reader.
In the case where the gradient homeomorphism is required to map all of X onto F, Theorem 5 yields a result which is comparable to Theorem 4 but stronger due to the assumption of reflexivity.
